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[.  Introduction:

Chopsticks 1s a game with perfect information; meaning that there is no luck nor chance
involved (Sakura’s Zashi. 2008.). The game is simple and deterministic, which led me to being
interested in solving the game. Chopsticks is a game which I often play with my friends, and
although I have a general idea on how to win or at least on how not to lose, it is mostly
memorization and I do not know the theory behind how the game works or why my moves work.
It intrigues me to explore this game and fully understand it, such that when I'm playing I know
why I’'m making the moves | am. Furthermore, solving this game will hopefully introduce me to
and help me to understand combinatorial game theory, a topic that I’ve never covered before.

My research question is “To what extent can algorithms be used to win the finger game
Chopsticks and a variation thereof involving remainders and transfers?”. This research question
will not only guide me to finding the winning strategy to the game of chopsticks, but it will set me
on a path to fully explore why and to what extent these winning strategies work. This is due to the
involvement of using algorithms to win the finger game, which will require full justification and
reasoning using logic and mathematics. Furthermore, besides the standard game of chopsticks, I
will also be exploring the more complicated variation of chopsticks was has the two additional
rules called ‘remainders’ and ‘transfers’ to further explore the game’s concepts.

The base game of chopsticks has been looked into and already solved, where methods to
win already exist (Revolvy. 2018). However, there is no evidence, reasoning nor algorithm
supporting any of these methods, which the initial part of my research will look into. However,
the expanded version of chopsticks with remainders and transfers does not have a strategy to win
online. At most, I found the rules on these expanded versions, though a winning strategy and/or

analysis are nowhere to be found. Thus, I will have to fully independently conduct the investigation



with my own methodology. This includes making my own notation, making my own terminology,

and deciding on my own which strategies to use to analyze the game.

II.  The Rules of the Game:

The game of chopsticks is between two people. Each person holds out their two hands,
with one stretched finger on each of them. Person A then decides to use one of his hands to
‘attack’ one of Person B’s hands. Person B’s attacked hand then increases to the sum of the two
hands involved in the attack by stretching out his fingers to accommodate that amount. For
example, as seen in Figure 1, Player B has 3 and 2 outstretched fingers on his hands and person
A has 1 and 2 outstretched fingers on his hand, as seen in the first image of figure 1. If person B
attacks person A’s hand of 2 fingers with his own hand of 2 fingers, person A’s receiving hand
will increase to 4 fingers, which are shown in the second and third panel of figure 1 respectively.
If person B instead attacked person A’s hand of 2 fingers with his hand of 3 fingers, person A’s
hand would be completely outstretched. This hand is then out of the game and can’t attack nor be
attacked anymore. The goal of the game is to make your opponent stretch out all of his fingers.

(Sakura’s Zashi. 2008.)

- N

Figure 1: Playver A(left) vs. Player B(right) showing an initial state, an action, and the resulting state.



I11. Notation Creation

According to general game theory, game notation can be categorized into extended form
and normal form. Extended form involves describing a game through a game tree (“Game
Theory I: Extensive Form.”), while normal form involves describing a game through alpha
numerals in a table form, often through a matrix. To describe a game of chopsticks, I will use the
normal form since a game tree for a single run through would be inappropriate. Before
brainstorming the notation, I will come up with some requirements for the notation.
Requirements:

e Able to describe the state of the game at any stage
e Able to describe the actions between states
e As compact as possible

e As complete as possible



Figure 2: First notation

The first notation shown above was focused on being as complete as possible. The notation is a
table, with a column for each player, and every new state displayed in the following row. Though
the table includes all the needed information, the table is far from being compact and accessible,

especially considering the clumsy arrows inside the table. The first notation is in the right direction,

but the next objective is the optimizing and compacting of the notation.



After continuously compacting and optimizing the notation from figure 2, I reached the
final notation shown in figure 3. I also tried but failed to write notations in terms of expressions

and matrices. The compacting process and the attempts at notation can be found in the appendix.
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Figure 3: Final notation for Chopsticks

The final notation in figure 3 above splits the information in two halves, the state and the
action. On the left side would be the state, describing the current situation, while on the same row
on the right is the action, describing the change to the state in the next row. The action column
consists of 2 symbols; the attacking value as superscript and the receiving value as the base.

The advantages of this notation is that it is expandable, compact, and fully describes all the
relevant information about the game. However, its drawbacks include that it is difficult to
understand. This is an important drawback, though this notation which aligns all the states and the

actions is the closest I could get to an accessible notation.



IV.

Deciding on Analysis Process

Chopsticks is a game without an element of randomness or chance, where the players
have complete knowledge on the state of the game at all times. As such, Chopsticks belongs

to combinatorial game theory. Combinatorial game theory studies ||| Gz

T
I [his provides me with multiple methods of analyzing the

game Chopsticks in order to solve it.

The first method is backward chaining which involves starting at the outcome, which in
our case would be a player winning, and working your way backwards (Chein, Michel).
However, I do not think this method will work since it assumes a decision from the opposite
player who has the option to decide on something else, averting from the desired outcome.
The second method is to start plotting out all the paths of the game. Although this can be
done using my notation for many different game pathways, it is much more accessible to plot
out the game using the extended form of the game, also known as a game tree. The game tree
consists of nodes and edges, where each node is a point in the game where the player makes

a decision, splitting up into multiple edges which are the outcome of the decision.



V. Preliminary Analysis of Basic Chopsticks

The game of Chopsticks is split up between distinct states and actions. Thus, the game can
be interpreted with a game tree showing all possibilities. Figure 4 below shows the initial few steps

of the game tree.

Figure 4: Game tree for the initial moves of the base game of Chopsticks

Every row would show the possible states depending on the actions from previous states.
Considering that a hand can only be attacked and have its amount of fingers increased until its
eventually outstretched and out of the game, the game should come to an end rather quickly and

the game tree shouldn’t expand much further than around a dozen rows.



We can already predict certain strategies to help understand the game better, such as the
fastest and the slowest ways to win. To do so, we can classify the states of the game into
‘generations’, where each generation is the next row in the game tree diagram. We can also identify
the ways to play the game as ‘pathways’ along the game tree. Thus, the longest pathway would
then have the most amount of generations while the shortest pathway would have the least amount
of generations. Since the longest pathway means taking the largest number of moves to outstretch
your opponent’s hands, we can reason that this pathway consists of actions that do minimal
damage. This would be to attack the opponent’s smaller hand using one’s own smaller hand. Using

the same logic, the shortest pathway consists of maximizing the damage done.
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Figure 5: Longest and Shortest pathways written out
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VI. Full Analysis of Basic Chopsticks

The game will be written out using Microsoft Excel leading to a different notation from the
written notation. The first adjustment removes the action notations as they can be deduced from
the changes in the game’s states and including them would complicate the format of the tree
diagram. The second change in notation is that I didn’t include “A” nor “B” in front of the states
of the game, instead putting the attacking hand on the left and the receiving hand on the right. I
chose this because it would make the addition of states to find the following states consistent,
reducing the risk of making many mistakes. Furthermore, instead of writing out the game tree
diagram from top to bottom, I decided to write the tree diagram from left to right due to the short
and wide cell shape in excel that makes horizontal stacking of information easier than vertical

stacking.
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Figure 6 displays the first few generations of the game.

A B o D E F
1 Gen 1 2 3 4
2 Att. Ply. A B A B
3 (2,2) (2,1)
4 (3,1) (2,1)
5 (2,1) (2,1)»(3,2) (2,1)
6 (4,1) (2,1)
7 (1,1) (1,1)=»(2,1) (1,1)
8 (2,2) (3,1)
9 (3,1) (2,1)€»(3,1) (3,1)
10 4,2) (3,1)
11 (1,0) (3,1)

Figure 6: Initial game tree of Chopsticks

The arrows were added after screenshotting the excel sheet to clarify the tree diagram.

A B c D E F
1 Gen 1 2 3 4
2 Att. Ply. A B A B
3 (1,1)(1,1) (2,1)(1,1) (2,1)(2,1) (2,2)(2,1)
4 (3,1) (2,1)
5 (3,2) (2,1)
6 (4,1) (2,1)
7
8 (3,1)(2,1) (2,2)(3,1)
9 (3,1)(3,1)
10 (4,2) (3,1)
11 (1,0)(3,1)
12

Figure 7: Reformatted game tree of Chopsticks

This reformatting in figure 7 done so that the tree diagram expands downwards and rightwards,
rather than before where it could expand both upwards and downwards. This is logical since there
are no boundaries in the sheet towards the bottom nor the right, only boundaries at the top and on

the left.
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However, it is difficult start from the left and working your way right, as for you don’t
know how much space a single pathway needs. As such, instead of working from left to right, I
will be writing down the entire game for the first row until it reaches its end and afterwards work

my way inwards from right to left. Figure 8 below shows the beginning of the game tree of

Chopsticks.

A B C D E E G H I d
1A B A B A B A 8 A B
2
3 Al
4
5 (L1)(11) (21(L1) (2121 221 (3222 (4232 (43)(42) (40(43) (4040 (0,0)(4,0)
6 (3,0) (4,0) (0,0) (3,0)
v
8 (2,0)(4,3) (4,0)(2,0) (0,0)(4,0)
9 (3,0)(2,0) (0,0)(3,0)
10
11 (3,0)(4,2) (4,0)(3,0) (0,0)(4,0)
12 (2,0)(3,0) (0,0)(2,0)
13
14 (2,0(4,2) (4,4)(2,0) (0,0)(4,0)
15 (2,0)(2,0) (4,0)(2,0) (0,0)(4,0)
16
17 (2,0)(3.2) (43)(2,0) (0,0)(4,3)
18 (2,0)(2,0) (4,0)(2,0) (0,0)(4,0)
19
20 (4,1)(2,2) (3,2)(4,1) (4,3)(3,2) (3,0)(43) (4,0)(3,00 (0,0)(3,0)
21 (3,0)(3,0) (0,0)(3,0)
22
23 (2,0)(4,3) (4,0)(2,0) (0,0) (4,0)
24 (3,0)(2,0) (0,0)(3,0)

’
L |

Figure 8: Beginning of the game tree of Chopsticks

[ started out fully expanding out line 5, until I reached a dead end at cell J5. Then, I took a step
back to cell IS to see if there are any other states I could get to besides [(0,0) (4,0)], which there
wasn’t. Thus, I took another step back to cell H5 and found another possibility, which was cell
16. This process of fully exploring pathways and taking steps back continued until the entire

game was written out.
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The longest pathway I found was 13 generations long, while the shortest pathway was 6
generations long. While the shorter pathway followed the method I predicted, the longer pathway

did not. Figure 10 shows the longest pathway using the two-player notation I made.
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Figure 9: Written notation of longest pathway

The concept of attacking with the lowest value still holds, however rather than attacking the
opponent’s lowest value they instead consistently attack one hand. This allows each player to keep
one hand with a single finger, thus sustaining weak attacks. This can be seen under the Action
column as the superscripted number in figure 10 above, which indicates the attacking value, is
consistently a 1. This continues until both hands are close to being outstretched, after which it goes
on to try and preserve the lowest possible attacks on either side which soon ends the game.

Therefore, the longest pathway functions by minimizing the damage done for as long as possible.
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Once I had completed the tree diagram, the winning strategy still wasn’t clear. Thus, I
turned to color coding. The first step I took was to color all the sure-victories for player A and
player B in green and red respectively, as seen in figure 11.
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Figure 10: Initially color coded game tree for Chopsticks

This meant that if the game is in one of the green states, then even if both player’s consequential
decisions are completely random, player A is certainly going to win. The orange colored states

indicate states in which the outcome of the match still depends on the decision of the player.

To find the winning strategy from here, I assumed that both players play perfectly. This

means that in any situation where they have to make a decision, they always make the decision

15



which is the most favorable to them (Allis, Louis Victor. 1994.). This means that for those
orange boxes, whoever’s turn it is will choose a pathway that leads to their win. Thus, starting
from right and working my way left, [ recolored the orange boxes to dark green or dark red

depending on who would make the decision as seen in figure 12.

Figure 11: Fully color coded game tree of Chopsticks

In the case of certain states, such as cells C5 and ES, the boxes were colored red even though it
was player A’s turn to decide. This is because as seen in cell E5, the two choices for player A
both would result in player B’s win, and thus the state of cell E5S would also result in player B’s
win and was thereby colored in red.

Looking at the same figure 12 above, the winning strategy also immediately becomes clear.
From the start of the game, if both players play perfectly, then the first player that receives an

attack will win the game. Moreover, even if player A plays randomly, as long as player B makes

16



the right decisions at the dark red cells he will certainly win. There are, however, many different
ways to win which all vary, since although player A loses he can still decide how he is going to
lose. All of these pathways, however, end barely a couple of states after one of the opponent’s
hands are eliminated. This doesn’t always apply; you can still lose after eliminating one of the
opponent’s hands. However, if both of your hands are capable of eliminating the remaining hand
of your opponent, then you are certainly going to win.

Thus, the winning strategy of the game can be summarized as accumulating fingers and
eliminating the opponent’s hand as soon as possible, such that you are in the state of having two

hands which can both eliminate the opponent’s remaining hand.

17



VII. Expanding the rules of the game

The base game of Chopsticks is relatively simple and quick. There isn’t much strategy to
it, and it doesn’t take long to master the game and play perfectly. Thus, I will be adjusting the
game’s rules that will expand upon the strategy of the game, after which I will find and analyze
the new winning strategy.

The expanded version of Chopsticks will still use the same rules and goal of eliminating
the opponent as before, though with two new game elements: remainders and transfers.
Remainders means that the remaining fingers after eliminating a hand will revive that hand with

that amount of fingers. A demonstration is show in figure 13.

Figure 12: Demonstration of remainder rule

If a hand with 4 fingers is attacked by a hand with 3 fingers, rather than being eliminated after
reaching 5 fingers, the hand is in play again with a value equal to the remainder 2. Thus, to

eliminate a hand and remove it from the game the hand’s fingers must amount to exactly 5.

18



The other rule, transferring, is an alternative action to attacking. Rather than attacking during
your turn, you have the option to change the configuration of fingers on your hands. Essentially,

you are sending fingers from one hand to the other. An example is show in figure 14.

Figure 13: Demonstration of transfer rule

If my hand configuration is (4,1), I can choose to transfer to (3,2) and give up my attacking
turn. Furthermore, transferring can also be done to bring back an eliminated hand. So if my hand
configuration is (4,0), I can choose to transfer to either (3,1) or (2,2). However, in order to prevent
continuous transfers, it is not allowed to mirror hand configurations (such as transferring from
(3,1) to (1,3)), nor is it allowed to transfer back (such as transferring from (4,1) to (3,2), and in the

following turn transferring back to (4,1)).

19



VIII. Analvzing the Expanded Game

Because of the new additions to the game which allow for more actions and restrict the
ways you can eliminate the opponent, I’'m expecting the generations of the game to be longer than
they were in the base game. Plotting out the pathways will be done similarly to before, though due
to the greater expected possibilities, I won’t be repeating states I've explored which are highlighted

in red. The green cells indicate victories.

————

B(3,3) A(2,0) A(0,0) B(3,3)

A(2,0) B(4,2) B(2,1) A(2,0) A(4,0) B(2,1)
A(3,0) B(2,1)

A(2,0) B(3,0) B(0,0) A(2,0)

B(3,0) A(1,1)

B(4,4) A(2,0) A(1,0) B(4,4) B(4,0) A(1,0)
A(2,0) B(3,0)
A(2,0) B(2,1)

B(4,2) A(1,1) A(1,0) B(4,2) B(2,0) A(1,0)

B(4,3) A(1,0)

A(3,1) B(4,2) B(2,2) A(3,1) A(1,0) B(2,2) B(3,2) A(1

Figure 14: Extract from expanded Chopsticks game tree

The reasoning behind the discrepnancy in game trees is due to the addition of
transferring, since transferring makes repeating incredibly common. In the base game, one state
would lead to a potential four other states, though this would only be one-way as for none of
those four other states could lead back to the original state. In the expanded game, however,
besides the four uni-directional options, there are a couple of other possible states due to

transferring. The crucial thing is that these possible states due to transfers aren’t uni-directional,

20



but work both ways. This means that rather than having the game tree diagram be a directed
graph, which is a graph with uni-directional edges like with the base game (Chartrand, Gary.
1978.), the pathways of the expanded game instead look like an interlinked network, of which a

simplified version can be seen in.

Figure 15: Simplified visual representation of the expanded Chopstick's 'game tree'

The nodes above represent the different states of the game, of which the green ones are
wins, while the edges are the actions. Soon after the starting state in the top left, you enter the
network which essentially covers every single possible state of the game. Through the right
actions, you can reach any state from any state. The question is, how does this affect the winning

strategy?
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Essentially, there is no winning strategy. If both players play perfectly, then the game
would just lead around in circles forever within the network without coming to an end. There are
of course specific states which will lead to a certain win, which can be termed as “traps’. These
traps may only be a couple states long where the trap state quickly leads to the win state, though
the more elaborate traps could take several states before leading to a win state. To a perfect
player, these traps can simply be avoided by choosing a different action leading to a different
state than it, since perfect players would be able to identify those traps and avoid them. Figure 17

below gives an overview of what the network looks like with traps shown outside.

A | Ml /4

Figure 16: Simplified expanded chopstick's game tree, including traps

The traps from figure 17 highlighted in red, which lead to wins that are highlighted in green. The

more elaborate trap is outlined in a red circle, where there are a few intermediate states before a
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win. Players have the chance to fall into these traps, but as seen in the diagram, they also have
the possibility to escape back into the network before falling into the traps.

However, inexperienced players are more likely to fall into these traps. Furthermore, they
are more likely to fall for the elaborate traps rather than the short ones since the short traps are
more predictable and can be simulated within a few moves and thereby identified. The elaborate
traps, however, aren’t as predictable and thereby effective against these players. After looking
through the expanded game diagram repeatedly, the most elaborate trap is seen in figure 18

below.
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Figure 17: Game tree for expanded game showing a possible winning strategy using a trap

The orange boxes represent decisions which affect the outcome, blue boxes represent certain
victory for player B if he makes the right choices, and the green boxes are player B’s wins while

the red boxes are player A’s wins.
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Therefore, we can see that there is no perfect winning strategy for the expanded game. At
most, one can lead the opponent towards an elaborate trap and hope he falls into it. To do this,
from the start of the game, player B setting up the trap must be the one getting hit first.
Afterwards, the you transfer to have one hand with a 3. This forces player A to hit player B, as
for performing a transfer to (2,0) would lead it to being eliminated due to player B’s (3,0). This
continues until cell G1, where player A makes the deciding move on whether to fall for the trap
or not. Player A’s option is to either hit player B to make a (4,2) or a (3,3). The B(4,2) A(1,1)
state would lead to player B’s victory, while the B(3,3) A(1,1) state would lead back into the
complicated network. Figure 18 from before shows a few possible ways to try and get the win if

player A makes the (3,3) choice, though the chances of this leading to a win are low.

24



IX. Conclusion

The two versions of Chopsticks I investigated were the base game and the expanded
game. The base game was solved with a weak proof, meaning that there is an algorithm which
can secure a win regardless of the opponent’s moves from the beginning of the game onwards.
This was done by generating the entire game tree for the base game, and extracting the winning
strategy. The winning strategy for the base game involved accumulating fingers on your own
hands and eliminating one of the opponent’s hands as soon as possible.

The expanded version of the game added the elements of transfers and remainders. The
expanded game was not solved, and only a possibility to win against non-perfect-play opponents
was provided. The transferring element of the game altered the entire game tree, turning into an
interlinked network rather than a branching out network. The winning strategy didn’t exist for
this game considering perfect play, though the method to set up the most elaborate trap was
found which involved getting to the state of (1,1) (3,2). The network was too complex to solve it
within this investigation, though it should be possible to solve the game once all pathways have
not only been explored, but especially reorganized such that the data is accessible and readable.

Besides the expanded version using transfers and remainders, the game can further be
expanded to include more fingers per hand, more hands, and more players. The addition of more
hand and more fingers would expectedly expand the game trees and networks that are currently
representing the game. More players, however, would redefine the game and new rules would

have to be added and adjusted.
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X.  Evaluation:

The biggest obstacle I came across during the investigation was the unexpected
complication due to the expansion of the game. This is because the complication prevented me
from solving the game. Originally, the plan was to start by analyzing the expanded chopsticks and
then take it further to adding more players. However, analyzing the expanded chopsticks was
already a massive challenge in itself and analyzing an even more complex version would be
overkill. Thus, I referred back to the base game, which did work out well and was nicely solved.

The winning strategy for the base game works flawlessly, as long as the player ensures he
is the first one to be attacked and follows the winning pathways. However, should he make a
mistake and choose the wrong action, the opponent may have the chance to win. The winning
strategy for the expanded game, on the other hand, is lacking. Considering perfect play there is no
winning strategy, which means that for the method I found to work the opponent must make an
unfavorable decision. Furthermore, besides the winning strategy I didn’t manage to find many
other algorithms or strategies, such as how to avoid traps or how to set up other traps besides the

one [ showed.
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XII.  Appendix

Figure 3 below was an attempt at trying to write the notation in terms of expressions and
equations.

Figure 18

Figure 4 below shows an attempt at the notation using matrices.

Figure 19

Neither of these notations worked out in the end
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In figure 16 below and figure 17 on the following page, zoomed out overviews of the
expanded game compared to the base game respectively are shown. The expanded game diagram
(figure 16) makes its way diagonal and only goes back a few states every now and then before
erratically shooting forwards again, as compared to the base game (figure 17) which is structured
and coherent. To put things in perspective, the red box on figure 16 is the part that was extracted
and displayed in figure 15 above. The red box on figure 17 is the part that was extracted and

displayed ins figure 8 from part V.

Figure 20: Zoomed out overview of the expanded Chopsticks game tree
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Figure 21: Basic Chopsticks game tree, zoomed out
for full overview
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Game tree of the base game
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Game tree of the expanded game
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First reflection session
Candidate comments:

| am interested in studying the underlying algorithms within Chopsticks, which is a hand game between two people with
complete information. Prior to choosing Chopsticks | was already interested in doing a topic related to combinatorial game
theory. | am very competitive in nature, and whenever | engage in any game or competition with a friend | focus most on
using logic to find strategies and gain an advantage. My thinking process in these cases is often disorganized, which is why |
would like to delve into combinatorial game theory to learn how to structurally analyze and solve a game. Eventually | chose
Chopsticks as it was a game my friends and | recently discovered and | had yet to develop strategies for myself. Another
reason for choosing Chopsticks is due to it being untouched, as | could not find any extensive research into the game, and |
love the idea of exploring something new. It may seem difficult to solve the game without references to other works on the
game, though | can refer to investigations on similar deterministic games instead. | also believe the standard game will not
be too difficult to solve as it is quite short, which is why | am planning on expanding the rules of the game and re-analyzing it.
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Interim reflection
Candidate comments:

Finding the winning algorithm was not as simple as | thought. The main problem was that there was no absolute winning
strategy, meaning that if both players played perfectly, the game would never end such that the game could not be solved.
However, this continuous game only applies if both players play perfectly. Thus, | considered what may be possible winning
strategies against opponents that did not know how to play perfectly, which | found and discussed. Expanding the game from
here on would only make my research more abstract, which would go against my original purpose of exploring combinatorial

game theory and using it solve a game. As such, | instead decided to simplify the game such as to avoid never-ending
cycles and allow myself to properly solve the game.
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Final reflection - Viva voce
Candidate comments:

The simplified version of the game was solved and | am satisfied with the results. | solved the game through its game tree,
which | chose to do as according to many other solved games the game tree method, although rough, is definitely the most
thorough way to solve a game. My only dissatisfaction on this entire investigation is that the standard game could not be
solved, and that my research process was roundabout as | started with the standard game and only afterwards analyzed the
simplified version. | learned from this that when analyzing something, it is best to start simple and slowly make it complex
rather than starting with a complex problem first. | am convinced about this since starting simple allows you to better

understand what the problem exactly is and why the solution works, which is difficult to comprehend if you directly jump into
the complex version.
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